Spontaneous thermoacoustic oscillations of a gas in a closed cylindrical tube are studied. Numerical simulations of the flow field in the tube on which a temperature gradient along the axis is imposed are performed by solving the axisymmetric compressible Navier-Stokes equations. The wall temperature of the hot part near both ends (300 K) and that of the cold part near the center (20 K) are fixed. The computations are done for various values of the length ratio ξ of the hot part to the cold part between 0.3 and 1.0, and steady oscillatory states are obtained. These states are divided into three groups according to the magnitude of the pressure amplitude. The state in each group has distinguished features of the flow field. We analyze the effect of vortices on the structure of the temperature distribution. The difference of the boundary layer thickness between the hot part and the cold part is shown to play an important role.
Introduction
The Taconis oscillations are thermally driven acoustic oscillations of a gas column in a tube (Taconis et al 1949) . They are spontaneously excited when the closed end of the tube is kept at room temperature and its open end at liquid helium temperature (4 K). The first theoretical study of the Taconis oscillations was done by Kramers (1949) . But his results did not agree with the experimental results. Then Rott (1969 Rott ( , 1973 theoretically determined the stability limit of the Taconis oscillations for the axisymmetric case. Taking account of a finite viscous boundary layer thickness and the material property of helium gas, he successfully obtained the critical temperature ratio compared with the experiment. Yazaki et al (1980a) investigated the pressure development of the Taconis oscillations in closed cylindrical tubes experimentally. They reported that the critical temperature ratio in their experiments agreed with that obtained theoretically by Rott though they used the tubes with both closed hot ends and the cold central region of side walls, which are different from the tubes considered by Rott. Sugimoto and Shimizu (2008) developed a one-dimensional theory in the boundary layer approximation. Shimizu and Sugimoto (2010) performed numerical simulations based on their theory for the Taconis oscillations in an open-closed tube. They obtained the thermoacoustic fields and mean energy fluxes in the averaged form over the main-flow region and the boundary layer. Ishigaki et al (2008) numerically studied the thermoacoustic oscillations in a twodimensional closed tube by solving the two-dimensional compressible Navier-Stokes equations. They obtained steady oscillations for several values of the temperature ratio, and they reported that the hysteresis phenomenon was found within a certain range of the temperature ratio when the initial pressure is × 1.0 10 5 Pa. Ishigaki et al (2011) observed hysteresis phenomena in other cases when the boundary layers are thin. Recently Ishigaki et al (2012) performed the numerical simulations for a cylindrical tube. They set the ratio ξ of length of the hot part to that of the cold part at 0.3 as well as 1.0 which had been used for the two-dimensional rectangular tube. When ξ = 0.3, three different oscillation modes are observed, one of which is the oscillation with a shock wave. Yazaki et al (1980b) experimentally determined the stability curves of the fundamental and the second-harmonic for ξ = 0.3. They reported that the stability curve of the second-harmonic intersects with that of the fundamental near the temperature ratio of the hot part to the cold part = T T / 15 H C . This paper aims at a detailed investigation of the flow structure of the thermoacoustic oscillations in a cylindrical tube. While the temperature of the hot part and that of the cold part are fixed, the length ratio ξ of the hot part to the cold part is changed from 0.3 to 1.0 and vice versa. Three different oscillation modes are observed also in the present simulations. We study in detail the temporal evolution of the pressure distribution and the vorticity and the pressure fields. Formulation and numerical method are outlined in section 2. Numerical results are presented for three different modes in section 3 and the effect of vortices is discussed. The last section is for conclusions.
Formulation and numerical method

Temperature distribution on the tube wall
We analyze the Taconis oscillations in a closed cylindrical tube which is illustrated in figure 1 . The tube has a radius r 0 and a length L. This figure also shows the temperature distribution on the tube wall. The temperature gradient between the hot part and the cold part is linear. The wall temperature T wall on the side wall = r r 0 is
(1)
The temperature on the end walls z = 0 and L is
wall H 0
The temperature T H is constant and its value is = T 300 ). Because the tube is narrow enough, we assume the symmetry of the flow motion with respect to the axis r = 0.
Governing equations
The equations governing the axially symmetric motion of the compressible perfect gas are
and 
where t is the time, ρ is the density, u and v are the r-component and the z-component of the velocity respectively, e is the total energy density, p is the pressure, a is the sound speed, and τ rr , τ rz and τ zz are the stress tensor components. Variables are normalized with respect to the appropriate combination of the tube length L, the density ρ 0 and the sound speed a 0 . Here, μ is the viscosity, k is the thermal conductivity, and Pr is the Prandtl number. We assume that the tube is filled with helium gas and use numerical values of the density ρ = 0. where T wall is the temperature on the tube wall. It is required to determine two thermodynamic variables so that the state of the fluid is determined uniquely. We assume zero pressure gradient in the normal direction of the wall since the pressure gradient is negligible in the viscous boundary layer. At each computational step we modify values of the density uniformly in the tube in order to conserve the total mass in the tube. The condition of axial symmetry gives
at the axis r = 0.
Numerical method
The governing equations are solved by the block pentadiagonal matrix scheme (Shida et al 1987 , Ishii et al 1997 . The time integration is done by using the three-point backward implicit scheme which is second-order accurate in time. Central differencing with fourthorder accuracy is used for the convective terms, and three-point central differencing with second-order accuracy for the viscous terms. We use a rectangular grid system consisting of 300 points in the z direction and 34 points in the r direction. The grid points are clustered near the side wall and the end walls of the tube in order to resolve the motion in the boundary layer, and there exist a few grid points in the boundary layer. No grid points exist on the tube axis (r = 0) in order to avoid singularity at the axis, and the nearest grid points to the axis are located at
). The extrapolation to the point at the axis is given by the values at the nearest and the second nearest grid points to the axis. The physical values at the innermost grid points are determined so that the boundary conditions at the axis should be satisfied.
Results and discussion
We did numerical simulations for the = T 300
The ratio of the length of the hot part to that of the cold part is defined as ξ = − l L l 2 /( 2 ). We investigate the oscillations for ξ ⩽ ⩽ 0.3 1.0. We start the simulation with the quiescent uniform fluid in the tube. The initial temperature of the fluid is the room temperature = T 300 H K and the initial pressure is = × p 1.2 10 5 Pa. We fix the length ratio ξ = 0.3 and the wall temperature T 1 in the center part is linearly lowered from 300 K to 20 K for nondimensional time 50 which corresponds to × 5.0 10 6 computational steps. After the wall temperature T 1 reaches 20 K, we continue the computation until a steady oscillation is obtained. This steady oscillatory state with = T 20 C K and ξ = 0.3 is the initial state of the present investigation of a series of steady states for various values of ξ between 0.3 and 1.0. Starting from the steady state for ξ = 0.3, we move the position of the temperature gradient and increase ξ from 0.3 to 1.0 with T C being fixed at 20 K. Then we start from the steady state for ξ = 1.0, we decrease ξ from 1.0 to 0.3. Starting from the steady oscillatory state at a previous value of ξ, the computation is done to obtain a steady oscillation at a new value of ξ after nondimesional time from 80 to 230. The flow structures of the steady states in the above three groups are examined in the following subsections.
Spatial distribution of the pressure
Figures 3-5 show the spatial distribution of the pressure at several instants during an acoustic cycle for ξ = 0.4 or during a half period of a cycle for ξ = 0.5 and ξ = 1.0. These figures show typical temporal evolution of the pressure distribution of the steady oscillatory states which belong to each group. For ξ = 0.5 and 1.0, the time-averaged velocity calculated over the half period presented in figures 4 and 5 is positive.
We plot pressure normalized with p unit as the ordinate against z normalized with the tube length L as the abscissa. The pressure is measured at the points near the axis ϵ = r . The position of the temperature gradient is as follows:
.75 for ξ = 1.0. The thickness of the viscous boundary layer is defined as δ ν ω = 2 / , where ν is the kinematic viscosity and ω is the angular frequency of the oscillation. The boundary layer thickness of the hot part and that of the cold part are denoted by δ H and δ C respectively. Since we adopt the power law for the temperature dependence of the kinematic viscosity, the ratio is given by δ δ = Figure 3 shows that the pressure distribution is symmetric in the case of ξ = 0.4 (Group A). The pressure at both tube ends and that at the tube center oscillate π out of phase, and the temporal variation of these pressures is large during the period of (c)
-(d)-(e) and (g)-(h)-(a).
This oscillation corresponds to the second harmonic of the standing wave but the pressure curve is not sinusoidal. The curve is nearly flat in the hot part.
In the case of ξ = 0.5 (Group B) figure 4 shows that the temporal evolution of the pressure distribution is approximately antisymmetric, and there is a discontinuity of the pressure. After this discontinuity reaches the hot part, it disappears (figure 4(g)). Then the pressure increases near the end wall and the discontinuity is formed again ( figure 4(n) ). The speed of this discontinuity which moves from z = 0.6 to z = 0.8 is estimated to be 0.30. Comparison of this value with the sound speed in the cold part
indicates that the discontinuity has a supersonic speed, which means that the discontinuity is a shock wave. The temporal evolution of the pressure distribution for ξ = 1.0 (Group C) in figure 5 is approximately antisymmetric. The oscillation corresponds to the first harmonic but the curve is not sinusoidal. When the pressure increases near the end wall the curve in the hot region is flat (figures 5(e)-(h)). The states for ξ = 0.58 and 0.60, whose pressure amplitudes are smaller than those for ξ ⩾ 0.62, belong to Group C but they have a very weak discontinuity of the pressure.
In the Fourier spectrum of each oscillation the highest peak is located at the frequency corresponding to their period. In the case of ξ = 0.4 and 1.0, the height of the peak at their second lowest frequency is smaller than the highest peak by an order of magnitude. In the case of ξ = 0.5 where the shock wave appears, the height of the peak at its second lowest frequency is about one fourth of the highest one and the decreasing rate is smaller than other two cases. A second harmonic of the Taconis oscillation was experimentally observed in a closed cylindrical tube by Yazaki et al (1980b Yazaki et al ( , 1990 and Yazaki (1993) . For the length ratio ξ = 0.3, they found that the stability curve of the second mode intersects with that of the . On the other hand, we observe shock waves at = T T / 15 H C in the present numerical simulation. Further study is necessary to determine the conditions for shock waves. Tube lengths used in the experiment and the numerical simulation are different, and the effect of the tube length on the existence of shock waves should be examined, for example. Since the temporal evolution of spatial distribution of the pressure is obtained in the numerical simulation, we can make the best use of the information in the investigation. In the case of ξ = 0.4 (figure 6) the radial variation of the temperature is very small. The vortices are located near the tube wall and their magnitudes are smaller than other cases. The hot region slightly shrinks near the axis when the pressure at the both ends rapidly increases (d-e), while the hot region slightly expands when the pressure at the both ends rapidly decreases (h-a).
In the case of ξ = 0.5 (figure 7), after the pressure discontinuity passes through the region of finite temperature gradient, the temperature rapidly increases in that region (the right side of the figure (f). The compression by the shock wave brings a rapid increase of the pressure and the temperature in the region near the right end wall. The region painted in dark orange and red has temperature higher than T H . Because of the thick boundary layer in the hot region, a part of positive vorticity region separates from the tube wall and a vortex ring is made after it reaches the hot region. It entrains the cold fluid into the hot region (g-j). When the positive vorticity becomes weak and the negative vorticity region appears along the tube wall, the temperature near the right end wall decreases (k-n). At all instants the gradient of the temperature near the axis is smaller than that on the tube wall. In the case of ξ = 1.0 (figure 8) the oscillation of the temperature along the axis is large. After the high vorticity region enters the hot part, the pressure and the temperature in the region near the end wall increase rapidly (the right side of the figures (e)-(j)). The highest temperature in this case is higher than that for ξ = 0.5. As in the ξ = 0.5 case, a vortex ring is made and it entrains the cold fluid into the hot region (g-l). On the other hand, the entrainment of the warm fluid (painted in green) into the cold region by the vortex near the axis is observed in the left side of the figures (h)-(k).
Conclusions
The flow field in a closed cylindrical tube is simulated by solving the axisymmetric compressible Navier-Stokes equations. The spontaneous thermoacoustic oscillations of a gas in the tube subject to the temperature gradient is examined. While the wall temperatures are fixed at = T 300 Analysis of the vorticity and the temperature distributions reveals that the effect of vortices which move along the boundary layer and entrain the fluid is significant on the variation of the temperature. The difference of the boundary layer thickness between the hot part and the cold part is shown to play an important role in the thermoacoustic phenomena with large temperature ratios. In addition to the present study, detailed analysis of the flow of energy fluxes is required to gain a better understanding of the mechanism of the thermoacoustic oscillations.
